
  

Bistability and criticality in the stochastic Wilson-Cowan model

Abstract
We study the stochastic version of the Wilson-Cowan model of neural dynamics, where the response 
function of neurons grows faster than linearly above the threshold, representing a cooperative effect 
of different synaptic inputs. The model shows a region of parameters where two attractive fixed 
points of the dynamics exist simultaneously, corresponding to lower and higher activity, and the 
dynamics switches between them as observed in up and down states of cortical neurons. Along with 
alternation of states, the model displays a bimodal distribution of the avalanches of activity,with a 
power law behavior corresponding to the state of low activity, and a bump of very large avalanches 
due to the high activity state. The bistability is due to the presence of a first order (discontinuous) 
transition in the phase diagram, and the observed critical behavior is connected with the line where 
the low activity state becomes unstable (spinodal line)

Model 
Stochastic version of Wilson-Cowan

Fixed points of the equations: 

dk
dt

=−α k+(N E−k ) f ( s )+√α k+(N E−k ) f (s )ηE (t )

dl
dt

=−α l+ (N I−l ) f ( s )+√α l+ (N I−l ) f ( s)η I (t )

f ( x )={β tanh ( s+γ s2 ) , if s>0
0 , if s≤0

α Σ 0=( 1−Σ 0 ) f ( s0 )

Numerical Simulation Methods
 The network dynamics is simulated as a continuous-time Markov process, using the Gillespie 
algorithm for small values of the external input h. 

  
α=β=0.1ms−1 , h=10−6 ,ωE+ωI=13.8 , N E=N I=N

Results
Phase diagram of the model
With “mean field” behavior, we only look at
 attractive fixed points of the dynamics. There is 3
 regions of  activity for different  parameters of

Probability distribution of the instantaneous 
firing rate R(t) for                 on the critical
 Line      = 1        
 

Firing rate R(t) as a function of time for                  on the critical line          and (from left to 
Right) ɣ = 1, 2, 3. The red dashed line marks the value of the minimum in probability 
distribution of R(t). Lower row: firing rate R(t) with an enlarged scale to put in evidence the short 
bursts of activity that characterize the critical low activity state.

The process of switching between the two states is Poissonian

Probability distribution of the lifetime of low activity (A) and high activity (B), for     
 And different values of ɣ.
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(A) Lifetimes of the low and high activity states for                 , as a function of ɣ . (B) 
Lifetimes of the low and high activity states for ɣ = 3,     = 1 , as a function of the number of 
neurons.(C) The same for for ɣ = 4,      = 0.84.

Hystresis behavior

Hysteresis loops for a system of           neurons, with ɣ = 0 (A) and ɣ = 4 (B). The parameter       increases
from      = 0.7 to       =1.1 in 50 seconds, and then decreases back to the value       = 0.7 in another 50 
seconds. The red (blue) line shows the firing rate per neuron when      is increased (decreased).

Avalanche distributions

(A) Avalanche size distribution P(S) for a system with                   , and ɣ between 0 and 4. (B)
Duration distribution P(T). (C) Mean size      (T) as a function of the duration of the avalanche.

Average normalized shape         of avalanches having durations in a small interval around T , for ɣ = 0
(A) and ɣ = 3 (B).
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