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Introduction
• A large number of natural systems exhibits a phase transition between active and quiescent. Typi-

cally, such scaling is described by the directed percolation (DP) universality class [1].

• In in vitro setups, Beggs & Plenz showed that neuronal avalanches had their sizes (S) and durations
(T ) distributed as power laws with exponents said consistent with mean-field DP [2].

• More recently, further experimental results have measured different scaling-exponent values.

• In search of other universality classes, a variant of the contact process includes two types of transi-
tions — continuous and discontinuous — into the quiescent phase, as well as a tricritical point [3].

• Here, we study one of the Wilson-Cowan model and its stochastic counterpart [4] by analyzing the
mean field equations:

Ė = −αE + (1− E) Φ (wEEE − wEII + h) (1)
İ = −αI + (1 − I) Φ (wIEE − wII I + h) (2)

Φ(sℓ) =

{
tanh(sℓ), if sℓ > 0
0, otherwise

(3)

and the phase diagram.

• Our analyses show that there can be up to 8 different types of phase transitions into quiescence:
MF-DP, MF-TDP, discontinuous and apparent continuous transitions, and a novel type of
transition with an unconventional behavior and breakdown of scaling.

Phase Diagrams

Figure 1: Phase Diagram The parameters are: α = 1.0, wII = 0, and wIE = 4 (Case A), wIE = 1 (Case B), and
wIE = 0.8 (Case C). The piece wise nature of the response function causes the Hopf bifurcation to elicit frustrated oscil-
lations, these oscillations forge the phase excitable quiescent.

Case A
In this case, the regular bistable regime encompasses both stable quiescent and active phases. The
system goes from a quiescent to active in 4 ways: T1 for the transcritical bifurcation, T2 for a tricritical
transition, T3 for a transition through a bistable regime with coexistence, and T4 for a discontinuous
transition through the excitable quiescent phase.

Case B
This case also has T1 and T4 transitions into active; however, a new transition, T5 emerges, where the
bifurcation counterpart is of codimension-3, a SNT finds a Hopf bifurcation.

Case C
In this case, there are five type of transitions, including the transcritical, T1, the discontinuous, T4, and
three novel ones: T6 is a transition through the special HT point, T7 is a transcritical bifurcation but
into the excitable quiescent phase, and, finally, T8 is a tricritical transition into the excitable quiescent
phase.

Order of the phase transitions

Figure 2: Activity density in response to an external field.
From the response of the overall activity to an external field, we observe that there are only three

genuines second-order phase transitions, T1, T2, and T5. The transitions T3 and T4 are first order, and
the transtions T6, T7, and T8 deceptively look like second-order because of the frustrated oscilations.

Directed Percolation and Tricritical Directed Percolation

Figure 3: We observe that the two transitions that belong to the well known universality classes: fits in red for MF-TDP
and green for MF-DP, present the same avalanche exponents, being indistinguishable from these perspective.

“Frustrated” Hopf + tricritical transition

Figure 4: Exponents for the novel transition
Now for the novel transition, we observe that β is consistent with MF-TDP; however, both θ and δh

are consistent with MF-DP. This is interesting because this mix of scaling provokes a scaling
relation break, as this does not fulfill θ = β/ν∥ (for all second-order transitions shown here ν∥ = 1).

The avalanche exponents have also changed due to the introduction of a perturbing relevant

secondary field. This field leads to a spreading exponent (N(t) ∼ tη) η = 2, when in general, for
mean field calculations, η = 0.

Mean temporal profile

Figure 5: Mean temporal profile from T1 to T5.
(A) α and φ versus rE. Exponents for avalanche (B) size and (C) duration versus rE. Avalanche size
versus avalanche duration exponents for (D) single runs and (E) averages over the runs. (F) Scaling

relation versus rE.

Conclusions
• The Wilson-Cowan model displays both MF-DP and MF-TDP behavior.

• Avalanche analysis does not distinguish between known universality classes that shows multi-
critical points.

• A codimension-3 bifurcation in the dynamical equations marks the novel transition, T5, which
shows a mix of MF-DP and MF-TDP exponents, as well as a breakdown of scaling and, even
in mean-field, η = 2.

• The anomalous behavior is credited to the introduction of inhibition, where its interplay with
excitation perturbs the solutions bringing the new transition forth.

• Furthermore, studying the mean-temporal profile of the avalanches show how close the system is
to this transition, as in general, one expects it to be symmetrical for MF-DP.
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