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1 Introduction

Partial phase synchronization, is a pivotal be-
havior of the brain and related to its main fea-
tures, such as memory. We report here how in-
dividual characteristics of the local dynamics of
neurons coupled in a network may be a funda-
mental player in the phase synchronization process.
Global and small-world topologies are considered
for a Hindmarsh-Rose-neuron network. For both
coupling schema, the effects of the local dynam-
ics are clear, inducing early or retarding the occur-
rence of partial phase-synchronization of the net-
work when the coupling strength is varied.

2 Metodology
2.1 Individual dynamics

The Hindmarsh–Rose neuron model is writ-
ten

dx

dt
= y + ϕ(x)− z + I, (1)

dy

dt
= ψ(x)− y, (2)

dz

dt
= r[s(x− xr)− z], (3)

ϕ(x) = −ax3 + bx2 and ψ(x) = c − dx2. We
set the following parameter a = 1.000, c = 1.000,
d = 5.000, r = 0.010, s = 4.000, xr = −1.600

and the parameters b and I are allowed to have val-
ues in the following intervals: b = [2.600, 2.700],
I = [4.250, 4.450].

Figure 1: Maximum Lyapunov exponents as a function of the parameter
space [I × b] for the set of Eqs.1–3 whose tf = 20000s. Coloured re-
gions indicate chaotic areas while black ones are representative of regular
bursting or spiking neuron activity.

Figure 2: Solution of the synaptic current of four different regions to
Hindmarsh-Rose model.

Four regions are selected in the parameter
space with three different characteristics. Region
1 and 4 are periodic in a burst regime. Region 2 is
periodic in a spiky regime. Region 3 is chaotic, in
a burst regime.

Figure 3: Third Lyapunov exponents.

2.2 Global and small-world networks
The collective behavior of a network of

N = 1000 Hindmarsh-Rose neurons can be stud-
ied adding to each neuron a synaptic current due to
other neurons. Two connection schema are consid-
ered: A global coupling scheme and a small-world
scheme generated with the Watts-Strogatz route.
The parameters of the Watts-Strogatz route are 12

connections for each neuron with your neighbors.
Each local connection is exchanged by non-local
ones with a probability pws = 0.1.

The additional current term is described by

dxi
dt

= yi + ϕ(xi)− zi + I + Ii,synch, (4)

Ii,synch =
ε

n̄

N∑
j=1

ei,jxj(t), j ̸= i, (5)

and ε is the coupling strength parameter, n̄ is the
number of connections each neuron receives from
other neurons of the network.

2.3 Network synchronization quantifier
The phase synchronization of neuron coupled

in a network can be quantified associating a phase
to each neuron action potential

θi(t) = 2πki+2π

(
t− tk,i

tk+1,i − tk,i

)
, tk,i ≤ t < tk+1,i,

(6)
tk,i is the beginning time of the kth burst of the ith
neuron, and the duration of this burst is tk+1,i− tk,i.
Using Eq. 6, we can quantify PS using Kuramoto
order parameter and temporal mean value of the or-
der parameter

R(t) =

∣∣∣∣∣∣ 1N
N∑
j=1

eiθj(t)

∣∣∣∣∣∣ , ⟨R⟩ = 1

M

M∑
j=1

R(t′j), (7)

being t′1 = ti, t
′
2 = ti+h, t

′
3 = ti+2h, · · · , t′M = tf ,

h = 0.5, ti and tf are initial and final times of the
computation of R(t).

3 Results
3.1 Temporal mean order parameter

The mean order parameter was plot for four
different points, black curve, I = 4.43 and b =

2.603 (region 1), red curve I = 4.38 and b = 2.69

(region 2), blue curve I = 4.26 and b = 2.682 (re-
gion 3) and green curve I = 4.26 and b = 2.617

(region 4). Fig. 4 represent this plots for a small-
world coupling, fig. 5 represent the same plots for
a global coupling. Regions 1 and 4 are very similar,
the only difference is that for region 4 we need to
increase the coupling much more to synchronize.

Figure 4: Four different temporal mean orders parameters on a small-
world coupling.

Figure 5: Four different temporal mean orders parameters on a global cou-
pling.

3.2 Hysteresis on a global coupling
We found hysteresis only on a global cou-

pling, the result and it is represented in the fig. 6.

Figure 6: Hysteresis in a chaotic point b = 2.650 and I = 4.345, global is
the coupling.

4 Conclusion
We notice three regions of interest: the first

one, where the individual action potential of the
neurons is chaotic and depicts burst regime, the
synchronization shows a monotonic transition; the
second one, where the dynamics is periodic and
depicts burst regime, the dynamics depicts phase
locking for small coupling, that characterizes a
non-monotonic transition to phase synchronization
of the network; and a third one, where the neuron
dynamics is periodic but depicting spiky regime, a
small coupling promotes chaotic dynamics before
any phase locking process take place. In this case,
an almost monotonic transition to synchronization
takes place as the coupling parameter is increased.


